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Researchers have designed many algorithms to measure the distances between graph nodes, such
as average hitting times of random walks, cosine distances from DeepWalk, personalized PageRank,
etc. Successful although these algorithms are, still they are either underperforming or too time-
consuming to be applicable to huge graphs that we encounter daily in this big data era. To address
these issues, here we propose a faster algorithm based on an improved version of random walks that
can beat DeepWalk results with more than ten times acceleration. The reason for this significant
acceleration is that we can derive an analytical formula to calculate the expected hitting times
of this random walk quickly. There is only one parameter (the power expansion order) in our
algorithm, and the results are robust with respect to its changes. Therefore, we can directly find
the optimal solution without fine-tuning of model parameters. Our method can be widely used for
fraud detection, targeted ads, recommendation systems, topic-sensitive search, etc.
I. INTRODUCTION
Graph theory has been widely used to study social
networks. A fundamental problem that commands re-
searchers’ attention in graph theory is how to quantita-
tively measure the distances between nodes. Once we
have defined node distances, we can perform such ac-
tions as label propagation[1], item recommendation[2],
and topic-sensitive search[3, 4] in a social media that is
represented as a graph.
There are already many algorithms for calculating
graph node distances, such as the geodesic distance
from Dijkstra’s algorithm, the cosine distance from
DeepWalk[5]/node2vec[6], the expected hitting times of
a random walk on a graph[7, 8], and the distances from
personalized PageRank algorithm[3, 4, 9]. The Dijk-
stra’s algorithm, quick although it is, only considers the
shortest path while discarding the rich structures of a
graph. DeepWalk and node2vec algorithms, which con-
sider global structures of graphs, can yield state-of-the-
art results, yet the time and memory costs of running
these algorithms are prohibitive. Random walk and per-
sonalized PageRank, which consume much fewer CPU re-
sources, cannot, according to our findings, produce node
ranking results that beat DeepWalk or node2vec method.
To address the above issues, here we propose a new al-
gorithm that is based on an improved version of random
walks on graphs to measure the distance between any
pair of nodes in a graph using much shorter time and
much less memory than DeepWalk. By calculating the
node distances, we can gain a deeper and more intuitive
understanding of the proximities of apparently discon-
nected social network users, since the proximity of a pair
of users should be negatively correlated with their dis-
tance. With this algorithm, we can conveniently quantify
the influence of a node upon another, using much fewer
CPU hours.
In this paper, we introduce the Frustrated Random
Walk (FRW) by augmenting a traditional random walk
with an acceptance probability for each proposed transi-
tion, and use the expected hitting times of this frustrated
random walk to measure node distances. We further de-
rive an analytical formula to quickly calculate the ex-
pected hitting times. We show that the expected hitting
times of frustrated random walks can yield node proxim-
ities that are in compliance with human judgement on a
connected and undirected graph, whether be it weighed
or unweighted. Using our method, we get results that
beat DeepWalk algorithm, while using much fewer CPU
hours. In summary, there are four advantages of our
method compared with previous algorithms: 1. The dis-
tance function has an analytical expression; 2. The dis-
tance function possesses asymmetricity (see Section II for
details); 3. No parameter tuning is needed thanks to the
stability of our results with respect to the only parame-
ter in our method; 4. Our method is much faster than
DeepWalk.
II. BACKGROUND
Many algorithms are available for the calculation of
graph node distances. Two distance functions that have
gained much popularity are the geodesic distance[10] and
the cosine distance which is a byproduct of DeepWalk[5]
or node2vec algorithm[6]. The geodesic distance between
two nodes in an undirected graph is defined as the length
of the shortest path connecting these two nodes. This
distance can be quickly calculated using Dijkstra’s al-
gorithm, which, however, focuses only on the shortest
path and ignores any alternative routes[8]. Because of
this, when we employ it to calculate the distance between
two nodes in a graph, we have disregarded a significant
amount of known information. The disregarding of the
rich structures of a graph from which we could have ex-
tracted a cornucopia of precious information constitutes
one major disadvantage of this algorithm. As shown in
Fig. 1, we expect the distance between C and D to be
shorter than that between A and B due to the availability
of an extra path connecting the former pair. Numerical
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FIG. 1. Geodesic distance v.s. hitting time expectation.
GAB : geodesic distance from A to B; HAB : expected hit-
ting time from A to B. GAB = GCD = 2, whereas HAB =
6 > HCD = 5.25. Intuitively, H is a better metric than G.
results show that expected hitting time as a measure of
distance is more consistent with our intuition.
In DeepWalk and node2vec algorithms, we calculate
the distance between two nodes by first mapping each
node to a dense vector using the word2vec method[11],
and then using the cosine distance between these two
mapped dense vectors as graph node distance. This al-
gorithm, which can be considered as an extension of the
word2vec algorithm to graphs, requires the pre-existence
of a node corpus that can be generated by performing
tens of thousands of random walks on a graph. The gen-
eration of this corpus and the training of the model is
pretty memory-intensive and time-consuming, thus pre-
cluding its application to extremely large graphs.
Another potential problem is that all these algorithms
(geodesic distance, DeepWalk, and node2vec) yield sym-
metric distance functions for any pair of nodes in an
undirected graph. The distance function is symmetric
in the sense that the distance from node A to B is guar-
anteed to be identical to the distance in reversed direc-
tion. However, even for an undirected graph such as
the friendship social network of Facebook, it is unrea-
sonable to believe that the distance from an influential
user to an obscure one should be invariant when the di-
rection is reversed (see Fig. 2 for an illustration). Since
not all users of a social network have equal reputation
and prestige, we claim that the relationships between so-
cial network users are non-equivalent, non-reflective, and
asymmetric. Thus, for purpose of label propagation, a
good definition of distance function between two nodes
of a graph should consider this asymmetricity of relation-
ships between nodes, even for undirected graphs where
edge directions are meaningless or unavailable.
Here in this paper, we will concentrate our attention
on random walks (See Section III A for a detailed descrip-
tion). There are many scenarios for performing random
walks on graphs, one of which starts from a node, say A,
and selects another node, say B, as its target, and per-
forms a multitude of random walks starting from A while
counting how many times this random walker encounters
node B within a pre-specified number of steps[2]. The en-
countering frequency for a random walk provides a mea-
A B
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FIG. 2. Asymmetricity of distances. HAB : expected hitting
time from A to B. HAB = 11 6= HBA = 1. Hitting time
expectation as a distance function is asymmetric. Obviously,
node A is more closely associated with nodes C,D,E than
with B, we thus expect the distance from A to B should be
longer than that from B to A.
sure of the distance between nodes A and B. The larger
the frequency, the shorter the distance. This method
of measuring the distance between two nodes, valid al-
though it is, also has several drawbacks, the most promi-
nent of which is its strong dependence on such capricious
parameters as the maximum number of steps each ran-
dom walker is allowed to traverse, and the number of
random walks to be performed for the encountering fre-
quency to be stable. Another weakness of this method
is that it is again much too time-consuming to perform
enough number of random walks to gain a statistically
significant result for two nodes that are located afar in
a colossal graph. The application of this random walk
scenario to a small graph is no less problematic because
a random walker starting from one node in a connected
graph is guaranteed to reach any other node in the same
graph as long as the random walk lasts long enough[12],
thus rendering all the distances between any pair of nodes
almost the same. Given these considerations, we choose
not to use the encountering frequency to measure node
distances. Rather, we measure node distances using the
expected hitting times of random walks, the details of
which will be the theme of this paper.
A convenient method to perform label propagation via
random walks is to solve discrete Laplacian equations
on graphs[13, 14]. Consider, for example, a graph in
which we have labeled some nodes as ”black”, some as
”white”, and some as ”unknown”, as detailed in Ref. [15].
We can estimate the colors of the unknown nodes either
by performing a Monte Carlo simulation or by solving a
discrete Laplacian equation. The inference of these un-
known colors is equivalent to performing label propaga-
tion in a graph. Ref. [15] shows that numerical solution
of a discrete Laplacian equation gives us more accurate
results while using far less time than Monte Carlo sim-
ulations. Solution of Laplacian equations requires the
pre-specification of boundary conditions which are not
always available[14]. The black and white labels in Ref.
[15] are the boundary conditions for a direct solution of
the Laplacian equation to be feasible. However, if all the
known labels are black, which is a common case in such
3Notation Definition
G Connected and undirected graph
V Set of graph vertices, V = {0, 1, 2, ...}
|V| Cardinality of set V
eij Edge connecting nodes i and j
A Adjacency matrix of G
wij Weight of edge eij . If eij is non-existent, wij = 0.
Di Degree of i. Di =
∑
j wij
N
(s)
t Hitting time from node s to t
P (N
(s)
t = n) Probability of N
(s)
t = n
〈N (s)t 〉 Expectation (first order moment) of N (s)t
B Probability transition matrix
TABLE I. Notation table
real-world applications as fraud detection in a social net-
work, then the only thing that a solution of the Laplacian
equation can tell us is that all the colors of the unknown
nodes should be black, which is practically useless to us.
To overcome these difficulties, here we propose a new
algorithm to measure node distances by invoking an exact
solution to expected hitting times of frustrated random
walks on a graph. With the four advantages of our algo-
rithm already summarized in Section I, we will continue
to present our algorithm in detail in the next section.
III. PROPOSED METHOD
In this section, we give an analytical method to cal-
culate the expected hitting times of random walks on
an undirected, connected and simple graph G. The con-
nectedness of the graph is not a major restriction to our
method due to the availability of efficient algorithms for
finding connected components of an undirected graph.
Because we are considering a social network of users who
would have relationships only with others, we demand
that the graph should be simple, meaning that none of
the nodes are self-looped. Denote the adjacency matrix of
this graph as A, whose dimension is |V|×|V| (see Table III
for explanations), with matrix elements Aij = 1 if there
is an edge between node i and node j, and Aij = 0 other-
wise. For a simple graph, we always have Aii = 0,∀i ∈ V.
The dimension of A is the number of nodes in the graph,
and the number of non-zero matrix elements is the edge
number. A is symmetric if graph G is undirected, or else
it is generally non-symmetric.
In this paper, we calculate the probability of reaching
a target node from any other node in the graph, whereas
in a directed graph, a node may not be reachable from
another node, thus here we only consider undirected and
connected graphs. For ease of reading, we have summa-
rized the notations we will use in this paper in Table III.
For a random walk that starts from node s, the hit-
ting time is defined as the number of steps the
random walker needs to traverse before it reaches
the target node t for the first time. In this paper,
we will use the expected hitting time to measure the dis-
tance from a starting node to a target node. Intuitively,
the shorter the distance between any two nodes, the more
related they are to each other. According to its definition,
hitting time is a random variable that depends on the
graph structure, the starting node s, and the target node
t. Therefore, we denote the hitting time as N
(s)
t . We
want to calculate the probability P (N
(s)
t = n) and the
hitting time expectation 〈N (s)t 〉. Our proposed method
is an improvement of the traditional simple random walk
algorithm. The major difference between the traditional
algorithm and our algorithm is that in the former, a pro-
posal to make a transition is always accepted, whereas in
the latter, we have tried to frustrate the random walker
by setting a threshold for each transition. We will de-
scribe these two algorithms in detail in the next sections
and highlight their differences.
A. Review of simple random walk
A simple random walk from a start node to a target
node on a graph is described in Algorithm 1.
Algorithm 1 Simple random walk on a graph
Require: An undirected and connected Graph G
1: procedure RandomWalk(s, t) . s is the start node,
and t is the target node.
2: c← s
3: repeat
4: r ← a random neighbor of c
5: c← r
6: until c = t
7: end procedure
Assume that node s has m neighboring nodes, of which
at most one is the target t. We enumerate these m nodes
using indices is. Then the probability P (N
(s)
t = n) can
be recursively represented as
P (N
(s)
t = n) =
∑
is 6=t
ws,is
Ds
P (N
(is)
t = n− 1), n ≥ 2 (1)
In the above equation, is indicates one of the neighbors
of node s, Ds =
∑
is
ws,is is the total weight or degree
of node s,
ws,is
Ds
represents the probability for the ran-
dom walker to make a transition from node s to node
is, and P (N
(is)
t = n− 1) is the probability of reaching t
from is after exactly n− 1 steps. By definition, we have
P (N
(t)
t = n) = 0,∀n > 0, which justifies our notation
is 6= t in the summation subscript in Eq. (1). If we
scan all possible starting vertices s, we can obtain a si-
multaneous system of difference equations for the hitting
probabilities P (N
(i)
t = n),∀i ∈ V, i 6= t. Specifically, if a
vertex j has only one single neighbor, and this very neigh-
bor is just our target t, then we have P (N
(j)
t = n) = δn,1,
with δn,1 being the Kronecker δ function.
4Definition 1. A node in graph G is called an adherent
to a target if this node has the target as its only neighbor.
Since we already know the probability distribution of
hitting times of the adherents to target t, we can exclude
those nodes when establishing difference equations for
P (N
(s)
t = n). With these preliminaries, we can write out
a system of difference equations for P (N
(i)
t = n):
P (N
(i)
t = n) =
|V|∑
j=1
j 6=t
BijP (N
(j)
t = n− 1), n ≥ 2, (2)
where we have imposed the restriction that the starting
node i should not be equal to t, and should not be an ad-
herent to the target. The B matrix is called probability
transition matrix, the elements of which are
Bij =
{
wij∑
j wij
Aij 6= 0, and j 6= t;
0 Aij = 0, or j = t.
(3)
For most graphs that we encounter in the real world, B
is a sparse matrix. Note that although in an undirected
graph the adjacency matrix A is always symmetric, the
probability transition matrix is generally non-symmetric.
Moreover, due to the exclusion of the target node t in the
definition of the probability transition matrix, the sum
of each row in B is not necessarily equal to 1. The rule
is that
∑
j Bij = 1 if the target node t is not a neighbor
of node i; otherwise
∑
j Bij < 1. Since we have excluded
the target node t and all its adherents from the set of
starting nodes, B has a dimension that is smaller than
the graph node number. For an undirected graph, B is
guaranteed to be square because a random walker start-
ing from a node that is not the target cannot possibly
reach an adherent node to the target. The fact that cer-
tain row sums of matrix B are smaller than 1 means that
this matrix is not a Markov matrix in the strictest sense
(by definition, each row of a Markov matrix should sum
to one), and that all of its eigenvalues have a magnitude
that is smaller than 1 [16]. As a result, the spectral radius
which is defined as the largest eigenvalue (magnitude) of
matrix B is also smaller than 1. We will take advantage
of this fact later in this paper.
B. Frustrated random walk
The procedure as described in Algorithm 1 is the sim-
plest random walk algorithm. It is used to generate node
corpus for DeepWalk[5]. The average hitting times of the
simple random walks can also be used to measure graph
node distances, see, for example, Ref. [2, 17].
However, in many cases, direct application of this ran-
dom walk procedure to the evaluation of node distances
in a connected graph could give us misleading results, be-
cause this method tends to give undeserved advantages
to the nodes which have only a few connections to the
other nodes, yet all these few connections are directed
towards some extremely prestigious nodes in the graph.
For example, if we study the social relationships in Harry
Potter serials, we would expect Ron and Hermione to be
closely associated with Harry Potter, who is the protago-
nist. However, when we measure the distances by calcu-
lating the average hitting times of a simple random walk,
it turns out that Marge Dursley (sister in law of Harry
Potter’s auntie) is closest to Harry Potter. We can easily
interpret this seemingly counter-intuitive result by not-
ing that Marge Dursley appears rarely, yet almost all her
appearances coincide with that of Harry Potter. As a re-
sult, by employing the simple random walk procedure, if
we use the protagonist as our target, some minions could
have shorter expected hitting times to the protagonist
than the protagonist’s close friends.
To resolve the above problem which is inherent for sim-
ple random walks, here we propose an improved version
of the random walk which we call the frustrated random
walk. In this new algorithm, we frustrate the random
walker by introducing an acceptance probability to re-
strict the transition from a minion to the protagonist.
This improved random walk is described Algorithm 2 and
illustrated in Fig. 3.
Algorithm 2 Frustrated Random walk on a graph
Require: An undirected and connected Graph G
1: procedure FrustratedRandomWalk(s, t) . s is the
start node, and t is the target node.
2: c← s
3: repeat
4: r ← a random neighbor of c
5: c proposes to make a transition to r with proba-
bility Ppro
6: r accepts the transition with probability Pacc
7: Ptransition ← Ppro × Pacc
8: generate a random number R ∼ U(0, 1)
9: if R < Ptransition then
10: c← r
11: else
12: continue
13: end if
14: until c = t
15: end procedure
The motivation for the introduction of frustration to
transition is that a prestigious node in a graph may re-
ceive tens of thousands of proposals from its neighbors,
and this node, being prim and arrogant, tend to accept
proposals that are of higher values. Consequently, in our
new algorithm, a minion would have a harder time at-
tracting the attention of the hero, whereas the heroine
would have a much better chance. Table III B illustrates
the calculation of transition probabilities using simple
and frustrated random walk methods for Harry Potter
dataset (see Section IV for details). The transition prob-
ability of Hermione Granger to Harry Potter is higher
(lower) than that from Marge Dursley for the frustrated
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FIG. 3. A schematic representation of frustrated random
walks on a weightless undirected graph. Curves with arrows
represent transitions.
SRW FRW
Marge Dursley 58
172
= 0.337 58
172
× 58
36044
= 5.43× 10−4
Hermione Granger 4539
18053
= 0.251 4539
18053
× 4539
36044
= 3.17× 10−2
TABLE II. Transition probabilities from Marge Dursley and
Hermione Granger to Harry Potter using Simple Random
Walk (SRW) and Frustrated Random Walk (FRW) proce-
dures.
random walk (simple random walk), thus justifying our
introduction of acceptance probabilities in the frustrated
random walk algorithm.
We can calculate the average hitting time for a frus-
trated random walk following the methods outlined in
the previous section, with the only modification being
the probability transition matrix and the way we treat
the adherents to the target. The off-diagonal matrix el-
ement Bij , which represents the probability of hopping
from vertex i to a different vertex j, is now calculated as:
Bij =
{
wij
Di
wji
Dj
Aij 6= 0, and j 6= t;
0 Aij = 0, or j = t.
(4)
Since we are only considering undirected graphs, we al-
ways have wij = wji. We can understand wij/Di as
the probability of vertex i proposing to make a transi-
tion to vertex j, and wji/Dj as the probability of vertex
j accepting the transition from vertex i. Thus, we call
wij/Di the proposal probability, wji/Dj the accep-
tance probability, and ultimately, Bij the transition
probability.
In a simple random walk where the transition is al-
ways accepted, the random walker must jump to one of its
neighbors for each step, and thus we have Bii = 0,∀i ∈ V.
On the other hand, in our frustrated random walk algo-
rithm, the random walker’s proposal to make a transition
may be declined, in which case the walker will remain in
its original position. For sake of convenience, we can un-
derstand this failed attempt to make a transition as a pas-
sive transition from a vertex to itself. Therefore, the diag-
onal elements of the probability transition matrix could
be non-zero, which makes B a primitive matrix according
to the Perron-Frobenius theorem[16]. In order to calcu-
late the diagonal elements of B, we observe that for a
certain vertex i, if the target t is not one of its neighbors,
then
∑
j Bij = 1, or else
∑
j,j 6=tBij = 1 − witwtiDiDt < 1.
Thus, the diagonal elements of B are
Bii =
{
1−∑j,j 6=iBij , if t is not a neighbor of i;
1− witDi wtiDt −
∑
j,j 6=iBij , if t is a neighbor of i.
(5)
We can conclude from this observation that the proba-
bility transition matrix is not a Markov matrix, and that
the spectral radius of this matrix is smaller than 1. We
will take advantage of this fact later in this paper.
Now that we have written out the transition matrix,
we can continue to calculate the hitting time probability
distribution. Following the methods detailed in Section
III A, we can write a recursive equation for P (N
(i)
t = n):
P (N
(i)
t = n) =
∑
j
BijP (N
(j)
t = n− 1) (6)
By definition, the probability for an adherent to propose
a transition to its neighbor is always equal to 1, whereas
the acceptance probability for this proposal is p = wDt ,
where w is the weight of the edge connecting target t to
the adherent, and Dt is the degree of the target node.
We can directly write out the probability of reaching the
target after exactly n steps from an adherent, which is
P (Nadherentt = n) = (1− p)n−1p, n ≥ 1, p =
w
Dt
(7)
This is a geometric distribution, for which the expecta-
tion and variance are µ = 1/p, and Var = (1− p)/p2.
C. Analytical solution of expected hitting times
Previously, we have obtained a recursive equation for
P (N
(i)
t = n), n ≥ 2, which is the probability of hitting
target node t starting from node i after exactly n steps.
By introducing the notation X
(i)
n = P (N
(i)
t = n), we can
rewrite Eq. (2) (for simple random walk) or Eq. (6) (for
frustrated random walk) into matrix form as
Xn = BXn−1, n ≥ 2 (8)
An iterative solution to Eq. (8) is
Xn = B
n−1X1, n ≥ 1 (9)
The initial probability vector X1 can be conveniently ob-
tained by the observation that X
(i)
1 = 0 if t is not a neigh-
bor of node i. If t is a neighbor of i, then X
(i)
1 =
wit
Di
for the simple random walk, and X
(i)
1 =
wit
Di
wti
Dt
for the
frustrated random walk. Now that we have obtained ma-
trix B and the initial probability vector X1, we can con-
tinue to calculate all the hitting probabilities for any valid
starting node.
6Although we can calculate all the hitting probabilities,
most of the time, we are more interested in the observ-
able quantities of these probability distributions, i.e., the
moments, which are
〈N (i)mt 〉 =
∞∑
n=1
P (N
(i)
t = n)n
m :=
∞∑
n=1
X(i)n n
m (10)
The expectation and variance of the hitting time starting
from any node i can be calculated from the first and sec-
ond order moments of the hitting time probability dis-
tribution. We can calculate all the moments of a dis-
tribution using probability generating function, which is
defined as
f˜ (i)(z) =
∞∑
n=1
X(i)n z
n, |z| ≤ 1. (11)
To simplify notation, we define a vector-valued function
f˜(z) as
f˜(z) =
∞∑
n=1
Xnz
n (12)
From the first and second order derivatives of f˜(z), we
can calculate the first and second order moments of hit-
ting times as follows:
〈Nt〉 = f˜ ′(1) (13)
〈N2t 〉 = f˜ ′′(1) + f˜ ′(1)
Plugging Eq. (9) into Eq. (12) gives us
f˜(z) =
( ∞∑
n=1
znBn−1
)
X1 (14)
= z(I − zB)−1X1
The second line of the above equation stems from the
fact that |z| ≤ 1 and that the spectral radius of matrix
B is smaller than 1.
Given the probability transition matrix B and the ini-
tial probability vector X1, we can in principle calculate
exactly the generating function and probability moments.
However, inverting matrix I − zB is no easy task, espe-
cially when the graph is huge. Moreover, the fact that
the sparsity of matrix B which we should take full ad-
vantage of can get lost after matrix inversion compels us
to shun the idea of directly inverting I−zB. Instead, we
try to calculate probability moments without inverting
any matrix. For this purpose, we rewrite Eq. (14) as
(I − zB)f˜(z) = zX1 (15)
Differentiating the above equation with respect to z on
both sides and setting z = 1, we get
〈Nt〉 = f˜ ′(1) =
∞∑
n=0
Bnf˜(1) (16)
By definition, f˜(1) =
(
1 1 1... 1
)T
. It is noteworthy
that the first order moments are independent of the initial
probability vector X1, and depend only on the transition
matrix B. Higher order derivatives of Eq. (15) produce
higher order moments.
D. Numerical computation of expected hitting
times
With the analytical formula Eq. (16) for calculat-
ing hitting time moments, we can implement these al-
gorithms using numerical programs. The pseudocode for
calculating the expected hitting times is shown in Algo-
rithm 3.
Algorithm 3 Hitting time calculation algorithm
Require: An undirected and connected Graph G, and a tar-
get t
Require: Calculate probability transition matrix B for a tar-
get t using Eq. (4)
Require: Maximum iteration number N must be positive
Require: Error limit  must be positive
1: procedure HittingTimeCalculator(B,N, )
2: i← 0
3: d← B.dimension . Dimension of matrix B
4: ones← vector of all 1’s, shape = (d, 1)
5: power ← ones
6: µ← ones . µ: expectation of hitting times
7: while i ≤ N do
8: i← i+ 1
9: power ← B ∗ power . Matrix multiplication
10: µ← µ+ power
11: error ← norm of power
12: if error <  then
13: break
14: end if
15: end while
16: return µ
17: end procedure
We can see from Eq. (4) that for the frustrated ran-
dom walk, matrix B is always symmetric for an undi-
rected graph, meaning all its eigenvalues are real. By
Perron-Frobenius theorem[16], the spectral radius of ma-
trix B is exactly its largest eigenvalue λmax. Since the
spectral radius of B is smaller than 1, the summation of
power series in Eq. (16) is guaranteed to converge. The
difference 1−λmax, called spectral gap[18], dictates how
fast the summation in Eq. (16) converges. The larger
the spectral gap, the faster the convergence. From the
Perron-Frobenius eigenvalue theorem[16], we can crudely
estimate the spectral radius by the following formula:
λmax ≈
∑
ij Bij
NB
, (17)
where NB is the order of the square matrix B. Crude al-
though this approximation is, we find in reality that, Eq.
(17) can give us a pretty good estimation, with relative
7Dataset IMDB arXiv Harry Potter
Relative error 0.02% 0.02% 0.6%
TABLE III. Relative errors of spectral radii obtained from
Eq. (17) and exact calculation in various datasets that we
will use in Section IV.
errors being less than 1% for the datasets we study (see
Table III D). Due to the fact that the spectral radius is
guaranteed to be smaller than 1, we can obtain numeri-
cal results for the expected hitting times with arbitrary
precision by terminating the summation in Eq. (16) at a
power that is high enough. In practice, we shall strive to
strike a balance between numerical precision and compu-
tational time.
IV. EXPERIMENTAL RESULTS AND
ALGORITHM ANALYSIS
A. Comparison with existing methods on
real-world datasets
In this section, we use real-world datasets to test our al-
gorithm against three well-established algorithms: Deep-
Walk (DW), Simple Random Walk (SRW) and Person-
alized PageRank (PPR). Since we are calculating the
proximity of a node to a target in a graph, we can only
benchmark our computational results with human judge-
ment or with DeepWalk results due to lack of ground
truth.
We first use IMDB 5000 movie dataset [19] as an exam-
ple. From this dataset, we create an undirected graph in
which each node represents an actor, and two actors are
connected by an edge if they co-star at least one movie,
with the edge weight counting the number of movies
they co-star. In this way, we create an undirected and
weighted graph, from which we can extract all its con-
nected components. Without loss of much information,
we only focus on the largest connected component, which
contains 4626 actors and 12667 edges. From among these
4626 actors, we choose one actor as our target and rank
the other actors to it based on their proximities with
respect to the target. Using FRW, SRW and PPR, we
get three ranking results. To quantitatively measure the
quality of these rankings, we use the results of DeepWalk
as our benchmark. Employing DeepWalk, we map each
actor to a dense vector and calculate the cosine distances
of the other actors to the target. The smaller the cosine
distance, the more adjacent a node is to the target. In
this way, we get another ranking of nodes with respect
to the target. To quantitatively measure the quality of
rankings using different methods, we calculate the Spear-
man correlation coefficients for each target, with Deep-
Walk results as our benchmark. Spearman correlation
coefficient is a real number within range [-1, 1] that can
quantify how similar two rankings are to each other. The
larger the coefficient, the more similar two rankings are.
We compare these ranking results in Table IV. From the
table, we can see that FRW, SRW and PPR generate
almost equal Spearman correlation coefficients. This is
probably due to the fact that the IMDB dataset is lightly
weighted: almost all (97.7%) of the edges in this dataset
have unit weight, and that the maximum edge weight of
this dataset is just 6 (only two edges with such a weight).
We notice that for a lightly weighted graph, FRW, SRW,
PPR and DeepWalk yield similar ranking results.
We next study a co-authorship network that we cre-
ate by analyzing articles published in arXiv under the
category ”Computer Science > Social and Information
Networks” from 2010 to 2019[20]. Each author in the
network is represented as a node, and two authors are
connected by a weighted and undirected edge if they co-
author at least one article, with edge weight counting the
number of articles they co-author. From this network,
we extract a connected component that contains 10,957
authors and 35,491 edges. We analyze this component
using both DeepWalk and FRW algorithms following the
procedures described above, and list some ranking re-
sults in Table V. From the table, we can see that the re-
sults from DeepWalk, FRW and PPR are consistent with
each other, whereas the Spearman correlation coefficients
between SRW and DeepWalk ranking results decays as
PageRank value of target node decreases. This arises
from the fact that although the arXiv dataset is more
heavily weighted than IMDB dataset, it is still pretty
lightly weighted compare to the dataset we are going
study later. In our arXiv dataset, 84.36% of the edges
have weight 1, and the maximum weight of edges is 23.
For a mildly weighted dataset such as the arXiv dataset,
ranking results DeepWalk deviate from SRW significantly
when PageRank value of the target is small, while FRW
and PPR are still performing well.
Our algorithm originates from the observation of how
people tend to interact with each other in the real world,
and thus we expect our algorithm to reach its peak per-
formance in the dataset that can accurately capture au-
thentic human-human interactions. We demonstrate this
by analyzing a Harry Potter dataset that we create from
the Harry Potter novels written by J. K. Rowling[20]. For
this purpose, we represent each character in the novel as
a node in a graph. If two characters co-appear in the
same scene, then they are linked by an edge, the weight
of which counts their co-appearance times. In total, there
are 183 nodes and 4553 edges in this dataset. What dif-
ferentiates this dataset from the previous two datasets
is that the edge weights for this one range from 5280
to 1, whereas the edge weights range from 6 to 1 (29
to 1) for IMDB dataset (arXiv dataset). We thus call
the Harry Potter dataset heavily weighted, and the other
two datasets lightly weighted. We apply FRW, SRW and
PPR algorithms to the Harry Potter dataset, and calcu-
late Spearman correlation coefficients between the rank-
ing results of these algorithms and that of DeepWalk, and
tabulate the results in Table VI. From the table, we see
that FRW almost always has the largest Spearman corre-
8target Robert De Niro Morgan Freeman Nicolas Cage Leonardo DiCaprio Jennifer Lawrence Casey Affleck
PageRank value 0.002891 0.002379 0.001993 0.001261 0.000907 5.8e-05
FRW 0.4501 0.2941 0.4676 0.4068 0.4722 0.3808
SRW 0.3981 0.2558 0.3494 0.3855 0.367 0.5107
PPR 0.5359 0.4121 0.5228 0.5205 0.4598 0.5477
TABLE IV. Comparison of ranking results using DeepWalk as a benchmark. The first row lists all the targets, the second row
gives the PageRank value of each target, and the following three lines list Spearman correlation coefficients between FRW,
SRW, and PPR ranking results and DeepWalk ranking results, respectively. A large correlation coefficient indicates a high
similarity between ranking results.
target Jure Leskovec Emilio Ferrara Mason A. Porter M. E. J. Newman Stephen Boyd Devon Callahan Elaheh Raisi
PageRank value 0.001801 0.001651 0.001575 0.000443 0.000127 7.7e-05 1.8e-05
FRW 0.6607 0.3228 0.3179 0.4263 0.6431 0.3084 0.4383
SRW 0.6514 0.6392 0.4916 0.3241 0.1924 -0.0989 0.0092
PPR 0.6126 0.6392 0.6313 0.5258 0.6013 0.2977 0.4434
TABLE V. Comparison of ranking results for different targets. See the caption of Table IV for table interpretation.
lation coefficients no matter what target we have chosen.
On the other hand, PPR has large coefficients when the
target node has a large PageRank value, and SRW has
large coefficients when the target has a small PageRank
value.
In order to see in detail how these ranking algorithms
perform for the Harry Potter dataset, we list the top
five most adjacent neighbors to targets of high and low
PageRank values. In Tables IV A and IV A, we show
the results from Harry Potter dataset. When we use a
node (Harry Potter) with high PageRank value as our
target, the SRW results deviate from the other three re-
sults significantly, whereas for a target (Lucius Malfoy)
with low PageRank value, PPR deviates from the other
three noticeably. We conclude that PPR biases favorably
towards the central nodes in a graph, i.e., the higher a
nodes PageRank value, the more likely it is to be consid-
ered adjacent to a target, whatever the target is. This
could undermine PPRs power for topic-sensitive search.
From our knowledge of Harry Potter novels, we claim
that DeepWalk and FRW surpass the other two methods
for the dataset we tested.
To further see how our algorithm outperforms both
SRW and PPR for heavily weighted datasets that can re-
flect genuine human-human interactions, we continue to
use another novel with highly involved human relation-
ships as our test dataset. We extract a graph dataset
from Dream of the Red Chamber written by Cao Xueqin,
and apply the four algorithms (FRW, SRW, PPR, and
DeepWalk) to it[21]. There are 324 vertices and 5807
edges in this graph. This dataset is heavily weighted in
that the edge weights of this graph range from 1 to 418.
We still use DeepWalk rankings as the benchmark, and
calculate the Spearman correlation coefficients for each
FRW, SRW and PPR algorithm, as shown in Table IX.
Similar to the Harry Potter dataset, here we also see that
SRW deviates from DeepWalk when the target PageRank
value is high, and PPR deviates from DeepWalk when
target PageRank value is low. For all the targets we con-
sider, FRW is on par with DeepWalk. We also study
in detail (not shown) the top adjacent neighbors to each
target, and find that FRW and DeepWalk indeed yield
results that are consistent with human judgement.
We have noted that the FRW algorithm outper-
forms the competing algorithms only on heavily weighted
datasets. For the lightly weighted datasets, the relatively
simpler SRW and PPR methods suffice to deliver results
of satisfactory quality. However, for heavily weighted
graphs, SRW is beset by the problem of giving unde-
served favor to the minions of the protagonists, and PPR
tends to bias favorably towards the central nodes in a
graph, whatever the target node is. To highlight the dif-
ferences between lightly weighted and heavily weighted
datasets, we have plotted the log− log edge weight dis-
tributions in Fig. 4. Since the real-world human relations
are generally heavily weighted, we expect the FRW algo-
rithm to play a major role in future applications.
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FIG. 4. log− log plot of edge weight distributions of
lightly (IMDB and arXiv) and heavily (Harry Potter and
Dream of the Red Chamber) weighted datasets.
9target Harry Potter Hermione Granger Voldemort Peter Pettigrew Lucius Malfoy Nagini Charity Burbage
PageRank value 0.1624 0.0794 0.0221 0.0056 0.0037 0.0014 0.0009
FRW 0.7769 0.6999 0.4942 0.6633 0.5016 0.5764 0.5078
SRW 0.3556 0.0001 0.0892 0.4291 0.5068 0.5561 0.6093
PPR 0.703 0.6815 0.7139 0.6192 0.602 0.4829 0.0182
TABLE VI. Comparison of ranking results for different targets of Harry Potter dataset. See the caption of Table IV for table
interpretation.
DW FRW SRW PPR
Ron Weasley Ron Weasley Marge Dursley Ron Weasley
Hermione Granger Hermione Granger Dudley Dursley Hermione Granger
Albus Dumbledore Severus Snape Vernon Dursley Albus Dumbledore
Severus Snape Dobby Dobby Rubeus Hagrid
Ginny Weasley Sirius Black Petunia Dursley Severus Snape
TABLE VII. Comparison of top nearest neighbors of Harry Potter, whose PageRank value is 0.1624.
B. Parameter sensitivity
During our experiments, we notice that although the
average hitting time depends sensitively on the cut-off
Nmax in the power series expansion 〈Nt〉 =
∑Nmax
n=0 B
n1,
the ranking of the nodes’ proximities relative to a target
is pretty stable. In Fig. 5, we plot the ranking differences
vs. expansion order and find that all the curves decay to
zero exponentially fast. The ranking difference, which is
calculated by subtracting current normalized node simi-
larity results (maximum similarity scaled to 1, and mini-
mum similarity scaled to 0) from the previous one, equals
zero when the node ranking stabilizes with respect to
variations of Nmax. Since Nmax is the only parameter
in our method, we do not have to tune any parameter
carefully to obtain optimal results, which renders our
algorithm advantageous over other deep-learning-based
methods such as DeepWalk and node2vec which are be-
set with a bunch of hard-to-select hyper-parameters.
C. Comparison of running speeds
As we have noted above, DeepWalk and Frustrated
Random Walk (FRW) can deliver the most competitive
results that are consistent with our intuition. Here, we
compare the running times of these two algorithms and
show that FRW can beat DeepWalk in speed. We run our
programs on Linux CentOS-7, with 32 cores and 128 Gi-
gabyte memory. For FRW, which has only one parameter
Nmax, we terminate the power series in Eq. (16) when
the node ranking difference (defined in Section IV B) falls
below a threshold value 10−4. The running time of FRW
depends on the target we select, and in Table IV C we
show the mean and standard deviation of running times
for FRW with randomly selected targets (89 targets for
IMDB, 82 targets for arXiv, and 99 targets for Harry
Potter).
When running the DeepWalk program, we first cre-
ate a node corpus that contains 10,000 random paths,
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FIG. 5. Ranking differences vs. power expansion order Nmax
for Harry Potter dataset (shown in the main panel, with Harry
Potter and Lucius Malfoy as targets) and IMDB dataset
(shown in inset, with Leonardo DiCaprio and Will Smith as
targets). All the curves decay to zero rapidly, indicating the
robustness of the relative node ranking with respect to Nmax
in our algorithm.
with the length of each path being 800. The generation
of these random paths can be easily parallelized. We use
the skip-gram method (the window size is set to be 5, and
the minimum count is 10) implemented in Gensim[22] to
train the model and map each node to a vector of size 300.
The model training program of Gensim is already accel-
erated by multiprocessing parallelization, and we train
the model using 32 processes.
All the running time results are shown in Table IV C.
From the table, we can see that for the specific task of
node ranking relative to a target, we have achieved sig-
nificant accelerations (7−34 times speedup) by switching
from DeepWalk to FRW. It is also seen that the larger
the dataset, the more significant the acceleration, which
prompts us to adopt FRW for the large graphs that we
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DW FRW SRW PPR
Bellatrix Lestrange Narcissa Malfoy Narcissa Malfoy Harry Potter
Narcissa Malfoy Bellatrix Lestrange Rabastan Lestrange Ron Weasley
Severus Snape Fenrir Greyback Rodolphus Lestrange Hermione Granger
Harry Potter Scabior Charity Burbage Albus Dumbledore
Ron Weasley Draco Malfoy Andromeda Tonks Draco Malfoy
TABLE VIII. Comparison of top nearest neighbors of Lucius Malfoy, whose PageRank value is 0.0037.
target Jia Baoyu Wang Xifeng Lin Daiyu Jia Zheng Jia Zhen Jia Yucun Zhen Shiyin Liu Xianglian Wang Yitie
PageRank value 0.062469 0.04258 0.032765 0.019667 0.016038 0.004841 0.002431 0.001409 0.00051
FRW 0.6523 0.7174 0.3692 0.6015 0.5083 0.6297 0.4787 0.5242 0.5747
SRW -0.1028 0.1275 0.2002 0.2725 0.4062 0.584 0.646 0.5288 0.6908
PPR 0.6043 0.7347 0.4808 0.6025 0.6198 0.1988 0.2748 0.0685 -0.2208
TABLE IX. Comparison of ranking results for different targets in Dream of the Red Chamber dataset. See the caption of Table
IV for table interpretation.
Dataset IMDB arXiv Harry Potter
FRW (seconds) 8.45± 7.32 21.5± 34.9 10.85± 4.39
DeepWalk (seconds) 191.2 742.4 76.5
TABLE X. Running times of FRW and DeepWalk for different
datasets.
encounter daily.
D. Time complexity analysis
As we can see from Eq. (16) and Algorithm 3, the run-
ning time of our program depends on two factors: the
graph structure and the spectral radius of probability
transition matrix B. There are two loops in Algorithm
3. One is the outer loop whose number is determined by
the power expansion order Nmax, and another is a hidden
loop implied in the sparse matrix-vector product. From
Eq. (16), we know that in order for the power series to
converge, we need to compute the series at least up to or-
derN the value of which is dictated by the spectral radius
λmax of transition matrix B. We have already shown that
the spectral radius is guaranteed to smaller than one, and
thus the series always converges. The nearer the spectral
radius is to one, the slower the convergence rate is. From
Eq. (17), we can estimate the expansion order Nmax as
Nmax ∝ 1
1− λmax =
NB
NB −
∑
ij Bij
. (18)
In the above equation, NB is the dimension of matrix B.
From Eq. (5), we see that not all row sum of B are equal
to one. We can rewrite Eq. (5) to calculate the row sums
as
∑
j
Bij =
{
1, if t is not a neighbor of i;
1− witDi wtiDt , if t is a neighbor of i.
(19)
The sum of all matrix elements of B is thus∑
ij
Bij = NB −
∑
i∈{t˜}
wit
Di
wti
Dt
, (20)
where, we have used the notation {t˜} := {neighbors of t}.
A naive approximation of the sum over neighbors of tar-
get is ∑
i∈{t˜}
wit
Di
wti
Dt
≈ 1 (21)
Therefore, we have arrived at an estimation of the power
expansion order Nmax, which is
Nmax ≈ NB . V (22)
Here, for sake of simplicity, we have used V to denote the
number of vertices in the graph. Having estimated the
order of the outer loop in Algorithm 3, we can continue to
evaluate the order of the inner loop, which is the product
of sparse matrix B and a dense vector of size NB . We
can represent the inner loop as
v′i =
∑
j
Bijvj , i = 0, 1, 2, ..., NB − 1 (23)
From Eq. (4) and Eq. (5), we see that the number of
operations for calculating each v′i is Di + 1, where Di
counts the number of edges connecting vertex i to its
neighbors. If we scan all possible values of i, then the
total number of operations in the inner loop is
∑
i
(
Di +
1
)
. 2E + V , where E is the total number of edges in
the graph. Multiplying together the outer loop number
and the inner loop number, we can finally estimate the
total number of operations in the program as
Ntotal ≈ (2E + V )V (24)
For a sparse graph which is a common case in most real
world applications, E ∝ V , and thus the time complexity
of our algorithm is O(V 2).
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V. CONCLUSION
In this paper, we have proposed a new algorithm for
performing random walks on graphs and derived an an-
alytical formula to calculate its expected hitting times.
This formula is valid for both simple random walk and
frustrated random walk. The derivation and application
of the formula only rely on the probability transition ma-
trix that can be conveniently extracted from the graph’s
adjacency matrix. We also propose a quick method to
numerically implement this formula, without the need to
invert a possibly huge sparse matrix. The advantage of
the analytical method over the Monte Carlo simulation
method is that the former is much quicker and more ac-
curate than the latter.
We tested our algorithm against the DeepWalk
method, and showed for some real-world datasets that
our algorithm can produce node ranking results that are
consistent with human judgement and that of DeepWalk.
We also applied simple random walk and personalized
PageRank to the same datasets and found that neither of
these two methods can compete with DeepWalk or frus-
trated random walk algorithm for complicated graphs.
We studied parameter sensitivity and found that if we
only concern ourselves with nodes’ relative rankings, then
the program results are pretty stable with respect to vari-
ations of power series expansion order, which is the only
parameter in our model. As a result, no parameter tun-
ing is required for our method to deliver competitive re-
sults. For the task of finding the most adjacent nodes to
a target node in a graph, frustrated random walk outper-
forms DeepWalk with a large margin in running speed.
The time complexity of our algorithm is O((E + V )V ),
and for sparse graphs, this is approximately O(V 2).
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Appendix A: Experimental evidence on artificial
dataset
1. An analytical calculation of hitting time
distribution on a simple graph
In this section, we will show how to calculate the hit-
ting time distribution on a small graph using analytical
methods. The graph we are going to study contains five
nodes, as shown in Fig. 6. We take node 3 as our target,
0
1
4
3
2
FIG. 6. An undirected and unweighted graph. We use node
3 as our target.
and want to calculate the probability of hitting the target
starting from each vertex for the first time after exactly
n steps. We first illustrate how to calculate the hitting
time probability distribution for a simple random walk.
For this case, the probability of hitting node 3 starting
from node 4, which is an adherent to target node 3, after
exactly n steps is
P (N
(4)
3 = n) = δn,1 (A1)
For nodes 0, 1, 2, we would exploit the Markovian prop-
erty of the random walk process to calculate the corre-
sponding hitting probabilities. To simplify notation, we
encapsulate these hitting probabilities into a column vec-
tor as
Xn =
P (N
(0)
3 = n)
P (N
(1)
3 = n)
P (N
(2)
3 = n)
 (A2)
The probability transition matrix is
B =
 0 1/2 1/21/2 0 1/2
1/3 1/3 0
 (A3)
The probability vector satisfies this recursive equation
Xn = BXn−1, n ≥ 2, (A4)
〈N (i)3 〉 Analytical Monte Carlo Numerical
〈N (0)3 〉 9 9.00323 8.99999999999999
〈N (1)3 〉 9 8.96693 8.99999999999999
〈N (2)3 〉 7 7.00013 7.000000000000002
TABLE XI. Simple random walk results for the graph shown
in Fig. 6, using three methods. 〈N (i)t 〉 is the expected hitting
time for a random walk that starts from node i and ends at
target node t. Here, t = 3.
with initial conditionX1 =
(
0 0 1/3
)T
. The probability
generating function for Xn is
f˜(z) = z(I − zB)−1X1 (A5)
=
z
3
1
1− 712z2 − z
3
6
 z2 + z
2
4
z
2 +
z2
4
1− z24

We can easily calculate the first order moments by differ-
entiating the above equation with respect to z at z = 1,
the results of which are
f˜ ′(1) =
〈N
(0)
3 〉
〈N (1)3 〉
〈N (2)3 〉
 =
99
7
 (A6)
We also implement a Monte Carlo program to calculate
the average hitting times. In the Monte Carlo program,
we use node 3 as our target node and start each random
walk from node 0, 1, and 2. Each random walk termi-
nates at node 3 after some number of steps. By repeating
this process thousands of times, we obtain the average
number of steps required before the random walker hits
the target for the first time. For each node in the set
{0, 1, 2}, we perform 106 random walks. We compare
Monte Carlo simulation results with analytical results in
Table A 1, from which, we can see that the Monte Carlo
simulation results are consistent with our analytical re-
sults, with relative errors being approximately 10−3. We
do not expect Monte Carlo simulation to give us highly
precise numerical results, and the final results of Monte
Carlo simulations may vary slightly for different random
number generators.
We also compute the average hitting time starting from
each node 0, 1, 2 using numerical methods. We can use
either Eq. (14) or Eq. (16) for this purpose, because
the probability transition matrix is small enough for the
direct inversion of the matrix to be feasible. However,
Eq. (14) is no longer practical when the graph is large,
and thus even for this small graph, we still prefer to use
Eq. (16). We implement a Python program on macOS
Mojave, and obtain numerical results that are shown to-
gether with analytical results and Mont Carlo simulation
results in Table A 1. It is clear that the numerical results
obtained using our algorithm have much higher precision
than that of the Monte Carlo simulation results.
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We can obtain similar results for frustrated random
walks. For this case, the hitting time probability distri-
bution of node 4 is
P (N
(4)
3 = n) =
1
2n
(A7)
To calculate the hitting time probability distributions
starting from nodes 0, 1, 2, we first need to create the
probability transition matrix, which is
B =
7/12 1/4 1/61/4 7/12 1/6
1/6 1/6 1/2
 (A8)
And the initial probability vector is X1 =
(
0 0 1/6
)T
.
With B and X1, we can directly calculate the expected
hitting times starting from nodes 0, 1, 2 with node 3 as
target, using Eq. (14). We can again simulate the frus-
trated random walk using Monte Carlo method, and see
that the exact solution coincides with the Monte Carlo
simulation result within tolerance of error. We thus have
established the validity of our algorithm for both simple
and frustrated random walks, at least for the small graph
we are studying.
2. Numerical computation of hitting time
distribution on large graphs
When dealing with large graphs, it is both tedious and
impractical to get an analytical formula like Eq. (A5).
Instead, we will use Eq. (16) to numerically compute the
expected hitting times. Another method to find the hit-
ting time expectations is to use Monte Carlo simulation,
although we will see that for a large graph, the running
time of Monte Carlo simulation is much longer than the
numerical method, thus making the Monte Carlo simula-
tion an inferior alternative. In this section, we apply the
numerical method and Monte Carlo simulation method
to a connected graph as shown in Fig. 7.
FIG. 7. An undirected and unweighted graph with 100 ver-
tices and 704 edges.
We choose node 1 as our target node and calculate the
average hitting times starting from all the other nodes
in the graph. In order to visualize the results, we sort
all the vertices according to their average hitting times
relative to the target. In Fig. 8, we plot the results from
the Monte Carlo simulation method and the numerical
method. We can see that these two methods give al-
most the same results, although we know that results
from Monte Carlo simulations have much lower precision
than that obtained from the numerical method. Another
weakness of Monte Carlo simulation is that it is much
too time-consuming. In order to get the results shown
in Fig. 8, we need to run 105 random walks from each
non-target vertex in the graph, and the whole process
costs 163 seconds, whereas in the numerical method, we
only need to compute the power series in Eq. (16) up to
order 7500, and it takes only 3.9 seconds to yield results
with machine precision. The larger the graph, the more
time-saving the numerical method is compared to Monte
Carlo simulations.
0 20 40 60 80 100
sorted nodes
120
140
160
180
200
av
er
ag
e 
hi
tti
ng
 ti
m
es
Monte Carlo simulations
Numerical computations
FIG. 8. Average hitting time distribution curves of the graph
shown in Fig. 7 with node “1” as the target.
Another feature that is worth mentioning in Fig. 8 is
that we can distinguish the two communities in the orig-
inal graph by looking at the distribution of hitting time
expectations of the vertices. It is clear that there is a
transition region which connects two plateaus in the hit-
ting time expectation vs. sorted vertices curve. The two
plateaus correspond to the two communities in the graph.
We can interpret the emergence of these two plateaus by
imagining that a walker that starts from within one of
these two communities tend to get trapped in that com-
munity. Once the random walker gets trapped in a com-
munity, the hitting time expectations for vertices in that
community would not change substantially from vertex
to vertex, which gives rise to a plateau in the curve. How-
ever, as soon as the random walker finds a bridge leading
from one community to another, it will make a rapid
transition across the two communities, which results in a
significant change in the hitting time expectations. Thus,
the calculation of average hitting times gives us a tool for
community detection. However, we should make a caveat
that this method of community detection is usable only
when the number of communities in the graph is small
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enough and the communities are clearly separated from each other. Or else, this method of community detection
is not as good as the ones compiled in Ref. [23–26].
